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1 Summary of Contents 

 

This report summarizes the evolution of the work planned for task 4.2 regarding the 

uncertainty analysis for the conceptual groundwater models. The task is coordinated by UAlg 

and counts with the participation of UPV, BRGM, UADA, and UMI.  

The task extended for 23 months, though during a significant part of the time the 

projected activities which included the interaction with stakeholders were interrupted due to 

Covid 19 restrictions. The interruption is estimated to have had an impact of up to eight 

months in the implementation of the task. Measures were taken at a very early stage to 

compensate for the impossibility of having direct contact with stakeholders, which limited the 

possibility of collecting new data for an extended period of time, including data collected by 

stakeholders through the app. 

In the following sections we go through the work made for the task, starting by 

explaining the general methodology and its justification, and then the uncertainty analysis 

per case-study is discussed in individual sections.  

The proposal stated that after the development of the platform and the start of data 

collection, the benefits derived from the enhanced information system (EIS) due to this new 

data will be assessed in parallel in WP4 and WP5. In WP4 we assessed the benefits of the EIS 

in terms of better knowledge of groundwater conceptual models, which have resulted from 

the discussions with stakeholders. In some cases, such as Morocco, new data was effectively 

collected by stakeholders, while in the other cases, more information was thus collected 

about water uses. 

The objective of the task is assessment of the impact of data collection methods on models’ 

conceptual uncertainty, and to provide guidelines to reduce uncertainty by collecting more 

cost-effective data. For identifying and dealing with conceptual uncertainties, the systems will 

be represented by a set of conceptual models that are evaluated by their performance. Such 

multi-model analysis will include the building of a set of plausible conceptual models based 

on available information, calibrating these models conditioned to data, rank models 

according to a criterion; ensemble prediction by combining weighted predictions of retained 
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models. Bayesian model averaging (BMA) method will then help to infer the posterior 

probabilities of alternative conceptual models, such that different components of predictive 

uncertainty can be described separately.  
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2 Methodology 

2.1 Assessment of conceptual model uncertainty using Bayesian model averaging 

2.1.1 Introduction 

Integrating the uncertainty associated with the heterogeneity of a complex system, as well as 

with inputs and outputs, can be particularly challenging with deterministic models. Model 

selection does not consider information about the uncertainty inherent in these models. To 

prevent errors that could lead to erroneous confidence in model results, it is deeply crucial to 

characterize and evaluate conceptual uncertainties (Teramoto et al., 2021). However, the 

stochastic method incorporates uncertainties into models and, thus, it is considered as a 

promising tool in flow and solute transport modelling (Gómez-Hernández et al., 2017). 

Models’ uncertainty assessment is, then, considered as a very important topic investigated 

by several researchers in different fields. Indeed, Mustafa et al. 2020 has proven the better 

performance of using multi-models ensemble (MME) than individual models in groundwater 

modelling. The MME combine more than one model together to assess model uncertainty 

and improve prediction (Wallach et al., 2018). Moreover, neural networks, simple averaging 

and linear regression are among the MME proposed by different researchers. But the weights 

calculated by these approaches are arbitrarily positive or negative and it is complicated to 

interpret them. Hence, Bayesian Model Averaging (BMA) is needed (Seyedan et al., 2022; 

Mustafa et al., 2020).  

Thus, BMA is widely known as a statistical inference method that considers model uncertainty 

in data analysis. This approach is part of the more general framework of Bayesian inference, 

which relies on Bayes' theorem to update the beliefs about unknown parameters from 

observed data. The fundamental idea behind BMA is to consider a set of candidate statistical 

models, each a plausible representation of the relationship between the variables of interest. 

These models may differ in their functional specifications, parametric structures, or other 

characteristics. Rather than arbitrarily selecting a single model as the "best", the BMA 

considers a weighted combination of all possible models, considering their likelihood and fit 

to the observed data. 

Consequently, the aim of this task is to assess the uncertainties related to the groundwater 

flow models explained in the task 4.1 using BMA approach which is developed in python 

libraries. 
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To understand how the BMA works, we need to go back to the basic principles of Bayesian 

inference. First, Bayes' theorem states that the probability of an event conditional on the 

observed data is proportional to the prior probability of that event multiplied by the likelihood 

of the data under that event. In other words, it allows us to update our initial beliefs about a 

parameter considering the observed data. 

 

In the BMA context, each candidate model is associated with a set of unknown parameters, 

which we wish to estimate. For each model, we define a prior distribution of these 

parameters, reflecting our initial beliefs about them before observing the data. Next, we 

evaluate the likelihood of the data under each model, i.e. the probability of observing the 

data we have observed, given the values of the model parameters. This step often requires 

the use of optimization or numerical estimation techniques to accurately assess the 

likelihood. 

 

Once we have calculated the prior distributions and likelihoods for each model, we can use 

Bayes' theorem to calculate the posterior distribution of parameters for each model. This 

posterior distribution combines our prior beliefs with the information contained in the 

observed data, providing a more precise estimate of the parameters. 

 

However, the BMA does not limit itself to estimating the parameters of a single model, but 

rather combines the results of several models into a single estimate. To do this, we weight 

each posterior parameter distribution by the likelihood of the corresponding model. Models 

that fit the observed data well will have a higher likelihood, and therefore a greater influence 

on the final estimate. 

 

The weights assigned to each model in BMA are often interpreted as a measure of the relative 

importance of that model compared with the others, given the observed data. In this way, 

the BMA allows the uncertainty associated with model selection to be considered by 

combining information from several sources, which can lead to more robust and reliable 

estimates. Consequently, the BMA method differs from other approaches by using posterior 

probabilities as weights. This use of posterior probabilities is important in assessing the 
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performance of an individual model, offering a more accurate description of uncertainty 

(Zheng and Zhang, 2023). 

BMA incorporates model averaging within a Bayesian framework (Leamer, 1978). This 

approach provides a principled method for determining model weights as posterior model 

probabilities, offering a universal approach for all data-generating processes. The BMA 

formulation naturally presents itself as an application of the standard predictive Bayesian 

method to model averaging. In the BMA framework, let’s take y as the predictor variable and 

M the set of all individual predictor models which can be noted as ὓ ὓȟὓȟὓȟȣὓ . 

Given observed data Ὀ ώȟώȟώȟȣώ  where ώ is denoted as the observed value at 

moment T, and using Bayes' theorem, the posterior probability of y for a given sample D can 

then be calculated as following: 

ὴώȿȟὈ ὴὓȿȟὈὴώȿὓȟὈ  
(1) 

 

where we consider ὴώȿὓȟὈ  as the posterior distribution of y and ὴὓȿȟὈ  is considered 

as the posterior probability of the model ὓ  and a key measure in the inference and prediction 

process in BMA. 

The mean and variance of the posterior distribution of y can be calculated using the following 

equations: 

ὉώȿȟὈ ὴὓȿȟὈὉὴώȿȟὓȟὈ ύὓ  
(2) 

 

ὠὥὶώȿȟὈ ὓ ύὓ ύ„  
(3) 

 

Where ύ ὴὓȿȟὈ  is known as the weights of the model and „  is the variance. 

The key to applying the BMA lies in assessing the weights of individual models. These are 

based on information criterion, such as the Bayesian information criterion (BIC) (Kass and 
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Wasserman, 1995), the Watanabe-Akaike information criterion (WAIC) (Watanabe 2010), and 

leave one-out cross validation (LOO). The latter can be calculated using importance sampling 

(Gelfand, 1996). However, this approach can produce noisy estimates due to the large, even 

infinite, variance of importance weights, as noted by Epifani et al. 2008. Thus, the use of the 

Pareto Smoothed Importance Sampling (PSIS) is suggested (Vehtari et al., 2017). This method 

fits a Pareto distribution to the upper tail of the importance weight distribution, providing a 

more accurate and reliable estimate. PSIS makes it possible to calculate the LOO using 

importance weights that would otherwise be subject to instability. Moreover, WAIC is 

asymptotically equal too LOO. The weights can be computed using the following formula: 

ύ
Ὡ

В Ὡ
 

(4) 

Where dICi is the difference between the i-esim information criterion value and the lowest 

one.  

 

 

2.1.2 Bayesian model averaging using python libraries 

 

PyMC is a Python library used for probabilistic programming. It allows users to define 

probabilistic models using intuitive syntax, and to perform Bayesian inference to estimate the 

parameters of these models. PyMC provides a high-level interface for specifying different 

types of probabilistic models, including Bayesian networks, hierarchical models, and Markov 

Chain Monte Carlo (MCMC) simulations.  

To run the BMA the following steps are made: 

Define multiple models: Define several candidate models, each representing a different 

hypothesis or set of assumptions.  

Specify priors and likelihoods: For each model, specify prior distributions for the parameters 

(e.g., heads at the constant head boundaries), and the likelihood functions that describe how 

the data are generated given the parameters for each model.  
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The likelihood is the joint density of the data, given a aspecific model and associated 

parameters, and the prior is the marginal distribution of the parameter (statistical distribution 

with a given mean and standard deviation).  

 

Fit each model separately: Fit each model separately to the observed data. This involves 

performing Bayesian inference to estimate the posterior distributions of the model 

parameters given the data. Different distributions may be used.  

 

Compute model weights: Compute the posterior probabilities or weights for each model 

based on their posterior distributions. This can be done using techniques such as Leave One-

Out cross-validation (LOO)/ Widely Applicable Information Criterion (WAIC). 

 

Combine predictions: Combine the predictions of individual models by averaging over them, 

weighted by their posterior probabilities. This produces a final predictive model that 

incorporates the uncertainty from multiple sources.  

 

When making a model comparison using Bayesian Model Averaging (BMA) some statistics are 

produces, allowing the  assessment of the performance of candidate models and their relative 

importance in the overall model. These results provide essential information on the 

performance and relative importance of candidate models in BMA, enabling researchers to 

evaluate and select the best models for their data. BMA statistics: 

 

¶ Rank: it indicates the relative position of each model to the others in terms of 

performance. A lower rank indicates a better fit to the observed data. 

¶ LOO: Leave-One-Out Cross-Validation (LOO or WAIC) is a method of assessing model 

performance that involves leaving a single data value out and evaluating the likelihood 

of that value given the model fitted with the remaining data. The LOO  is used to 

estimate the out-of-sample forecast error. The models are always sorted from best 

LOO/WAIC to worst. 

 

¶ d_loo: The difference in loo (or delta loo) measures the difference in prediction 

performance between the best model and the other models. A smaller d_LOO 
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indicates a less significant difference between models. The d_LOO will always get a 

value of 0 for the best model. 

 

¶ weight: Weights are the posterior probabilities assigned to each model, representing 

their relative importance in the overall model. Models with higher weights contribute 

more to the final estimate. Thus, the weight is interpreting the probability of each 

model being true. 

 

¶ se: The standard error is a measure of the dispersion of the weights assigned to each 

model. A higher standard error may indicate greater uncertainty in the estimation of 

weights.  

 

¶ dse: The dse is the standard error of difference for the LOO/WAIC computations. It 

measures the dispersion of performance between models, and It is used to assess the 

reliability of the comparison between models. This quantity is always 0 for the top-

ranked model. 

 

¶ Warning: Warnings may be issued when comparing models to indicate potential 

problems or situations where results may be unreliable. It is important to examine 

them carefully to ensure correct interpretation of the results. 

 

¶ LOO_scale: LOO_scale is a measure of the scale used to calculate LOO estimates. It 

may vary according to the needs of the analysis and the parameters specified by the 

user. 

 

 

2.1.3 Using PyMC with MODFLOW 

 

PyMC library has already an extensive list of applications 

(https://www.pymc.io/projects/examples/en/latest/gallery.html), though not yet when the 

model to be assessed needs to be run as an external executable, as is the case of Modflow. 
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A new python code (BMA-Modflow was written to allow linking PyMC with Modflow. The 

code uses some functionalities from Flowpy, namely those related to the input and output of 

information with the configuration files of Modflow (e.g., .BAS file). The latter is run as an 

executable in Flowpy and now also in PyMC.  

The code is appended to this report and will be made available through Github. 

The different conceptual models which translate into alternative numerical Modflow models 

can be constructed in any of the pre-processors available, including Flopy and USGS 

ModelMuse. For running BMA-Modlflow it does not matter where the model as built, as long 

as the configuration files are standard according to USGS indications. When running the code, 

both the  correct executable Modflow version and the configuration files for each of the 

conceptual models must be present in the executable folder. BMA-Modflow will open the 

input files, read the modelling results (heads at observation points), determine the mean 

square error, which is used in the computation of the likelihood, update the posteriors, 

estimate new values from the priors, save these in the Modflow input files, and call mudflow 

executable. This cycle is repeated until a stopping criterion is reached. 

Therefore, the first step in the use of BMA is to construct the conceptual models and convert 

them into the numerical counterpart. There will be as many numerical as conceptual models.  

The modeller may attribute different probabilities to each of conceptual model, which reflect 

the “level of believe“ for each. If the level of trust is equal, then this prior will be uniform (for 

instance, with three conceptual models, the probability of each will be 0.33(3)). BMA will 

update this prior based on the data, resulting in a posterior distribution (weights).  

 

 

 

3 Uncertainty assessment per case-study 
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3.1 Introduction 

 

The assessment shown here reflect the analysis for the main sources of uncertainty of each 

case-study. Therefore, the content per sub-section will be adapted accordingly.  

In accordance with objectives set in the proposal, we will assess the impact of newly collected 

data and provide guidelines to reduce uncertainty by collecting more cost-effective data. Part 

of the effort is in determining which conceptual model to use, and whether the new collected 

data can contribute to reduce conceptual model uncertainty. 

In Report 4.3 we will study the impact of newly collected data on parameter uncertainty. 

Together they can provide valuable information in support of decision making (WP5 and 

WP6). 

 

3.2 Campina de Faro 

3.2.1 Conceptual Model_0 

 

A. Definition of the model 

The calibrated 3D flow model of the aquifer system presented in section 7.1 of Report 4.1, 

was implemented in FEFLOW, which makes it less convenient to pair with freeware 

applications due to copyright issues. Hence, the original model was converted to USGS 

MODFLOW-2005, which is free public domain software, as a three-dimensional rectangular 

grid. This is our Model_0. 

 

It was calibrated in steady state using as observations the median heads for the dry months 

(March to September), considering the 14 observation piezometers available in the national 

official database (www.snirh.pt) until 2022. 

 

The conceptual model used for building the numerical model has still many uncertainties we 

summarized in Report 4.1 and repeat here (Table 1). 

http://www.snirh.pt/
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 Now we discuss the results of the uncertainty analysis for the boundary conditions, which 

reflect the hydraulic connection between the Campina de Faro aquifer and those to the north. 

These are, now, our major sources of uncertainty (Costa, 2022; Hugman, 2017). 

 

Table 1. Uncertainties in the conceptual hydrogeological model of Campina de Faro aquifer 

system. 

Geometry Water balance Boundary 
conditions 

Hydraulic 
parameters 

Water quality 

Confining layer 
presence/ 
absence 
Inclination of 
the Cretaceous 
layers 

Recharge  
Abstraction 
Lateral 
input/output 
Input/output 
from stream  

 Hydraulic 
connection within 
Campina de Faro 
Hydraulic 
connection with 
the northernmost 
aquifers. 
Hydraulic 
connection with the 
surface water 
bodies 
Hydraulic 
connection with the 
fault system 

Spatial 
distribution  
Values  

1 Location of 
the saline 
front 

2 Source of the 
chlorides 
(evaporites or 
saline 
intrusion) 
contamination 

3 Source of the 
emerging 
contaminants 

 

The conceptual uncertainty we are going to analyse is therefore related to the extent and 

locations of the permeable boundaries between the Campina de Faro aquifer and the aquifers 

to the North.   

This boundary conditions are simulated through the Constant head boundaries, which allows 

to specify the heads for the Miocene lower aquifer models cells. To control the rate of water 

which enter into the system from the northern aquifers, the general head boundaries were 

set at the coast (head=0; conductance value). All other parameters were kept constant. 

The specified head at the North were chosen after analysing the median values of observation 

points located around the boundary. In  

 

 

Table 2 and Figure 4-a) are reported the boundary condition of Model_0. 
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Models were hand calibrated to better understand the impact of the constant head values 

and general head’s conductance on the simulation errors. Prior distributions at the 

boundaries were assumed normal (mean, and standard deviation).   

 

Robust models are designed to perform well on a variety of data, including data that differs 

from the training data. This ability to generalize well across different conditions is crucial for 

assessing the model's uncertainty, as it indicates how well the model can predict outcomes in 

unseen scenarios. 

The robustness of the models was evaluated by running the models again using the official 

network (14 piezometers) plus 12 piezometers sampled during the project (Figure 1), which 

corresponds to the post-project network. All the piezometers (Official and post-project 

network) were all allocated in the lower aquifer; after relating the well depth with the 

sedimentary log and their intersection over the model grid.  

 

 

Figure 1. Observation points: a) Official monitoring network; b) supplementary network.  
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Table 2. Boundary conditions for Model_0 

Boundary conditions Standard deviation Head 

 (m.a.s.l)  

Length  

(km) 

Constant head  
(BC_0-a) 

0.010 16.430 5.722 

General head 
(BC_0-b) 

0.010 0.000 2.470 

 

 

B. Results 

The results of the modelling generally do not show a good fit  between observed and 

estimated heads (R2= 0.447 (Figure 2) and MSE = 10.607) with larger errors closer to the 

northern boundary  (over-estimations of piezometer 606/1033 ) and to the most eastern part 

of the aquifer (under-estimations of piezometer 611/217 and 611/91) (

Figure 3). It is indicating that the assumed conceptual model may not be completely valid. 
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When the newly monitored points are added, the fit decreased (MSE = 9.775 and R2= 0.327), 

which indicates that the original model may have been over fitted, or the new data adds 

variability does not present in the APA piezometers. Given that many of the official 

piezometers were installed over the years to follow up specific management purposes, so not 

representative of the entire aquifer system.  

 

In Figure 4-b) is possible to observe the vector map related to the extension of constant head; 

meanwhile in Table 3 is reported the water budget for the present simulation. 

 

 

 

Figure 2. Observed vs Simulated heads for Model_0: a) pre-project; b) post.project 
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Figure 3. Simulated errors for Model_0. a) official network; b) with supplementary network 
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Figure 4. Model_0: a) Constant head boundary in blue; Domain in black; General head 

boundary in yellow; and simulated head for the lower aquifer (m.a.s.l.). b) Vector map for the 

whole model, in blue is reported the extension of the Constant head. 

 
Table 3. Water budget for Model_0 

Modelling Conditions Input (Mm3/year) Output (Mm3/year) 

Constant head 8.961 - 

Wells 1.456 -13.208 

General head 2.723 11.676 

Recharge 11.743 - 

Total: 24.884 -24.884 

 
 

3.2.2 Conceptual Model_1 

 
A. Definition 
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In Model_1 the northern permeable boundary was extended to the east;  following the works 

of Hugmann et al. (2017) (

 

Figure 8; Table 4). The constant head values  and the general head’s conductance were 

changed during model calibration, meanwhile all the other parameters were left equal to 

Model_0. 

 

Table 4. Boundary conditions for Model_1 

Boundary conditions Standard deviation Head 

 (m.a.s.l)  

Length  

(km) 

Constant head 
(BC_1-a) 

 
0.010 8.535 14.370 

General head 
(BC_1_b) 

 
0.010 

 
0.000 0.310 

 

 

B. Results 
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The results of the modelling show a slightly better general fit between observed and 

estimated heads than in Model_0 (MSE = 16.912  and R2= 0.544) ( 

Figure 7), however, resulting in a underestimation for all aquifers points excluding piezometer 

611/91, which in this case is  receiving water (¡Error! No se encuentra el origen de la 

referencia.). 

 

 

 

 

 

 

Figure 5. Simulated errors for Model_1: a) with the points from the official network. 

 

Regarding the results with the new monitored points (Figure 6), the statistics got worse (MSE 

= 10.545 and R2= 0.469). In Table 5 reported below it is showed the water budget. 
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Figure 6. Simulated errors for Model_1: b)  including the supplementary network. 

 

 

 

 

 

 

 

 
 
Figure 7. Observed vs Simulated for Model_1:  a) pre-project; b) post-project network. 
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Figure 8. Model_1: a) Constant head boundary in blue; Domain in black; General head 

boundary in yellow; and simulated head for the lower aquifer (m.a.s.l.). b) Vector map for the 

whole model, in blue is reported the extension of the Constant head. 

 

Table 5. Water budget for Model_1. 

Modelling Conditions Input (Mm3/year) Output (Mm3/year) 

Constant head 8.960 - 

Wells 1.463 -13.208 

General head 2.715 11.667 

Recharge 11.743 - 

Total: 24.875 -24.875 

 

3.2.3 Conceptual Model_2 
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A. Definition 

Results from our chemical monitoring over the last four years to determine the presence of 

emergent persistent pharmaceutical pollutants (PPP) show the presence of these substances 

in Campina de Faro  aquifer. One working hypothesis which can help explain their presence 

in the latter on the western sector is to assume that they may come from discharges from the 

Loulé wastewater treatment plant (WWTP), located about 8 km north of the sampling 

location. The WWTP discharges the treated water into the Goncinha stream, which becomes 

completely influent about 3 km downstream. These waters are a source of PPP to the aquifers 

to the north (Quarteira, Almansil-Medronhal, S. João da Venda – Quelfes), which are 

suspected to be in contact with the Campina de Faro through faults and other structural 

features that may create discontinuities in the less permeable Cretaceous formations that 

separate them (Almeida et al., 2000). So, a recharge coming through the northern boundary 

may be responsible for bring some of the PPP we found. The contribution of transfers from 

the northwestern boundary needs to be studied. This constitutes our Model_2. 

 

In this model, in addition to the constant head, was set  a small connection opened on the 

northwestern sector of the aquifer as showed in Figure 9. The extension of the constant heads 

to the North, instead, in the present simulation has an intermediate value between Model_0 

and Model_1. Regarding the general head boundary conditions was equally set as in Model_1. 

In Table 6, are reported all the boundary conditions for Model_2. 

 

Table 6. Boundary conditions for Model_2 

Boundary conditions Standard deviation Head 

 (m.a.s.l)  

Length  

(km) 

Constant head 
(BC_2-a) 

 
0.010 10.600 10.978 

Constant head 
(western sector) 

(BC_2-b) 

 
0.010 7.500 0.150 

General head 
(BC_2-c) 

 
0.010 

 
0.000 0.310 
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Figure 9. Model_2: a) Constant head boundary in blue; Domain in black; General head 

boundary in yellow; and simulated head for the lower aquifer (m.a.s.l.). b) Vector map for the 

whole model, in blue is reported the extension of the Constant head. 

 

B. Results 

The results of the modelling show a general better fit between observed and estimated heads 

than in previous models (MSE = 2.322 and R2= 0.859) (Figure 10), and the error found in 

606/1033, 611/217 and 611/91 has decreased by c.a.  90% for all the piezometers when 

compared to the Model_0 (Figure 11)¡Error! No se encuentra el origen de la referencia.. In 

Table 7, is reported the water budget for the present simulation. 
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Figure 10.  Observed vs Simulated for Model_2. a) Pre-project; b) Post-project 

 

Figure 11. Simulated error for Model_2: a) official network; b) bringing in more observation 

data resulted again in worst fit (MSE = 4.669 and R2= 0.560) 
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Table 7. Water budget for Model_2. 

Modelling Conditions Input (Mm3/year) Output (Mm3/year) 

Constant head 10.401 - 

Wells 1.463 -13.208 

General head 1.279 11.671 

Recharge 11.743 - 

Total: 24.879 -24.879 

 

3.2.4 Uncertainty assessment 

The definitions of the boundaries are as set above and shown  

 

Table 8. We considered Normal distributions for the constant heads boundaries priors (BC), 

with parameter values as indicated in the table. An equal prior probability was assigned to 

the three models. 

 

Table 8. Summary of the boundary conditions and parameters of the respective Normal priors 

(units in m.a.s.l.). Where BC defines boundary condition related to constant head and general 

head’s conductance. 

 

 

 

 

 

 

 

 

 

Boundary section designation letter Model name Mean St. dev. 
 

BC_0 
a)  

 
Model_0 

 
 

16.430 
 0.010 

 
b) 2.470 

BC_1 
a)  

 
Model_1 

 
 

8.535 
 0.010 

 
b) 0.310 

BC_2 

a)  
Model_2 

 
 

10.600 

0.010 b) 7.500 

c) 0.310 
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Now, the loo is used to compare the three models in pre-project i.e., using only APA’s data, 

and post-project (with more 12 observation points) (Table 9 and  

Table 10). In the pre-project case, model_2 ranks first with a loo of -27.127 and a weight of 

83%, followed by Model_0 with a loo of -42.050 and a weight equal to 17%. Model_1 has a 

weight of zero. 

The analysis is indicating that our original conceptual model could be replaced by Model_2, 

which adds a new active boundary section at the western section of the aquifer, in line with 

our hypothesis of inflows bringing pollutants from the northern aquifers, which will need 

further verification. 

 

Table 9. Ranking of models (pre-project). 

 rank loo d_loo weight se dse warning loo_scale 

Model_2 0 -27.127 0.000 0.833 3.973 0.000 False log 

Model_0 1 -42.050 14.924 0.167 10.030 11.107 True log 

Model_1 2 -45.431 18.304 0.000 4.527 3.786 False log 

 

Table 10. Ranking of models (post-project). 

 rank loo d_loo weight se dse warning loo_scale 

Model_2 0 -59.957 0.000 0.893 9.647 0.000 False log 

Model_0 1 -70.595 10.638 0.107 8.178 11.045 False log 

Model_1 2 -71.375 11.418 0.000 6.036 11.533 False log 

 
Given the weights attributed to the different conceptual models, the simulated averaged 

BMA prediction is obtained by the weighted sum of the heads estimated by Model_2 and 

Model_0 in both scenarios. 

 

Indeed, Model_2 slightly outperforms the averaged estimates in pre-project. However, in 

post-project scenario, the averaged model fits the observed water head values better than 

the estimation coming from Model_2 derived from ModelMuse (Figure 12, Figure 13). 
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Figure 12. Comparison between simulated values coming from a) Model_2; and b) averaged 

model in pre-project scenario 

 

 

Figure 13. Comparison between simulated values coming from a) Model_2; and b) averaged 

model in post-project scenario. 
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3.3 Requena-Utiel 

The model was created and calibrated following the information presented in section 7.2 of 

report 4.1. The goodness of the models were evaluated by the median value of 10 

piezometers coming from the official network managed  by the Confederación Hidrográfica 

del Júcar. Data are including a period which cover 35 years (1980-2015).  

 

The conceptual models were developed under steady state flow type conditions, giving a 

water budget for the period of 365 days. The numerical model uncertainties from Report 4.1 

are summarized in Table 11.  Also, for this study case we discuss the results of the uncertainty 

analysis for the boundary conditions, which reflect the lateral hydraulic connection between 

the different  water bodies, helping to interpreting their relationship with the Requena-Utiel 

aquifer. The analysis, however resulted controversial. It may be due to misunderstanding of 

the water balance in the system (inflow from the north), thus, making the models not 

calibrated as they should be. 

 

Table 11. Uncertainties in the conceptual hydrogeological model of Requena-Utiel 

Geometry Water balance Boundary 

conditions 

Hydraulic 

parameters 

Water quality 

Geological 
characterization 

Depth of the 
geological 

formations. 

Relationship 
between the 

aquifer system and 
surrounding water 

bodies. 
 

Relationship 
between the 

aquifer system 
and surrounding 

water bodies 
 

Spatial 
distribution of 

hydrogeological 
properties 

 

Emerging 
contaminants 

 

 

3.3.1 Conceptual Model_0 

 

A. Definition of the model 

The conceptual uncertainty is going to be analysed is thus, focusing on the locations of the 

permeable boundaries between Requena-Utiel aquifer and the surrounding aquifers. 

The boundaries were set at from the model top to the lower aquifer bottom, therefore, 

including all the three layers of the model.  General head boundary conditions and constant 

head conditions were used to simulate the flow inside the domain. 
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The general and constant head at the boundaries were chosen after analysing the piezometric 

maps coming from the study of  Pérez Membrives (2019) and values of water level in the study 

area which range generally between 500 and 800 m above sea level. The hydraulic 

conductivity for Model_0 is 10.95 m/day. 

 The general head’s conductance was chosen instead arbitrarily; following the reduction in 

error between the observed and the simulated value.  

All the observation points (10 piezometers) (Figure 14) were allocated in the lower aquifer. In 

Table 12  and Figure 17 are reported the boundary condition of Model_0.  

 

 

Figure 14. Observation points: Official monitoring network by Confederación Hidrográfica del 

Júcar 
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Table 12. Boundary conditions for Model_0 

Boundary conditions Standard deviation Head 

(m.a.s.l) 

Conductance 

 (m2/day)  

General head 
(BC_0-a) 

 
0.001 

 
765 21.710 

General head 
(BC_0-b) 

 
0.001 

 
608.5 4.175 

 

B Results 

The water budget of the model_0 is shown in Table 13. The results of the modelling generally 

do not show a good fit between observed and estimated heads (MSE = 6069.777 and R2= 

0.179 (Figure 15)) with larger errors closer to the western (over-estimations of piezometers 

PC_08.24.008 and PC_08.24.032) and to southern East boundary (over-estimation of 

piezometer PC_08.18.086) (Figure 16). 

 

Table 13. Water budget for Model_0 

Modelling Conditions Input (Mm3/year) Output (Mm3/year) 

General head 10.64 -15.09 

Wells - -30.08 

Recharge 50.00 - 

River leakage 5.11 -20.58 

Total: 65.75 -65.75 
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Figure 15. Observed vs Simulated heads for Model_0 

 

Figure 16. Simulated errors for Model_0 
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Figure 17. Model_0: a) General head boundary in yellow; Domain in black; and simulated  

head for the lower aquifer (m.a.s.l.). b) Vector map for the whole model, in yellow is 

reported the extension of the general head. 

 

3.3.2 Conceptual Model_1 

A. Definition of the model 
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In Model_1 was added a constant head to the western boundary of the aquifer to analyse the 

possible connection to Las Hoces natural park and UNESCO Biosphere Reserve. Nowadays it 

is considered an impermeable boundary. The hydraulic conductivity for Model_1 it is set to a 

value of 1.5 m/day. The general head parameters such head and conductance were changed 

during model calibration, meanwhile all the other parameters were left equal to Model_0 

(Table 14, Figure 18). 

 

Table 14. Boundary conditions for Model_1 

Boundary conditions Standard deviation 
Head 

(m.a.s.l) 

Conductance 

(m2/day) 

General head 
(BC_0-a) 

 
0.001 

 
765 141.750 

General head 
(BC_0-b) 

 
0.001 

 
625 0.158 

Constant head 
(BC_1-c) 

 
0.5 580 23.50 
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Figure 18. Model_1: a) General head boundary in yellow; Constant head boundary in blue; 

Domain in black; and simulated  head for the lower aquifer (m.a.s.l.). b) Vector map for the 

whole model. 

 

 

B. Results 

The results of the modelling (Table 15) show an acceptable fit between observed and 

estimated heads when compared with Model_0 (R2= 0.642) (Figure 19). Nevertheless, the 

mean square is still high (MSE = 2543.426) (Figure 20). However, the modelling result in an 
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underestimation for most of the aquifer’s points. However, piezometer PC_08.24.032, in this 

case is better fitting with the observed value. 

 

Table 15. Water budget for Model_1 

Modelling Conditions Input (Mm3/year) Output (Mm3/year) 

General head 10.00 0.25 

Constant head 0 31.80 

Wells - -30.08 

Recharge 50.00 - 

River leakage 5.15 -3.05 

Total 65.16 -65.16 

 

 

 

Figure 19 Observed vs Simulated heads for Model_1 
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Figure 20. Simulated errors for Model_1 

 

3.3.3 Conceptual Model_2 

A. Definition of the model 

In Model_2 (Table 16) the constant head remained as in Model_1, meanwhile other general 

head boundaries were added to the domain as it is possible to see in Figure 21. The hydraulic 

conductivity for Model_2 it is also set to a value of 1.5 m/day.  

 

Table 16. Boundary conditions for Model_2 

Boundary conditions Standard deviation 
Head 

(m.a.s.l) 

Conductance 

(m2/day) 

General head 
(BC_0-a) 

 
0.001 

 
750 

28.6 

General head 
(BC_0-b) 

 
0.001 

 
860 

4.4 

General head 
(BC_0-c) 

 
0.001 

 
780 5.5 

General head 
(BC_0-d) 

 
0.001 

 
600 33 

Constant head 
(BC_1-e) 

 
0.5 580 23.50 

General head 
(BC_0-f) 

 
0.001 

 
800 4.4 
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B. Results 

The results of Model_2 (Table 17) show an increase in the fit between observed and estimated 

heads when compared with Model_1 (R2= 0.689) (Figure 22). Nevertheless, the mean square 

higher respect Model_1 (MSE = 2815.264) (Figure 23). 

  

Table 17. Water budget for Model_2 

Modelling Conditions Input (Mm3/year) Output (Mm3/year) 

General head 10.45 -2.87 

Constant head 0 -30.02 

Wells - -30.08 

Recharge 50.00 - 

River leakage 5.01 -2.50 

Total 65.45 -65.45 
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Figure 21. Model_2: a) General head boundary in yellow; Constant head boundary in blue; 

Domain in black; and simulated head for the lower aquifer (m.a.s.l.). b) Vector map for the 

whole model. 
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Figure 22. Observed vs Simulated heads for Model_2 

 

 

Figure 23. Simulated errors for Model_2 
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3.3.4 Results of the uncertainty assessment  

The boundary conditions are defined and cited in Table 18. A Normal distributions were 

assigned for the boundaries priors (BC), with parameter mean and standard deviation as 

shown in the table. An equal prior probability was assigned to the three models. 

 

Table 18. Summary of the boundary conditions and parameters of the respective Normal 

priors (units in m.a.s.l.) of Requena Utiel case. Where BC defines boundary condition related 

to constant head 

Boundary condition Model name Mean Standard deviation 

BC_0_a 
Model_0 

765 1 

BC_0_b 608.5 1 

BC_1_a 

Model_1 

765 1 

BC_1_b 625 1 

BC_1_c 580 1 

BC_2_a 

Model_2 

750 1 

BC_2_b 860 1 

BC_2_c 780 1 

BC_2_d 600 1 

BC_2_e 580 1 

BC_2_f 800 1 

 

Furthermore, the loo is also used to compare the three models in Requena-Utiel (10 water 

points) (Table 19). Indeed, model_1 ranks first with a loo of -120.66 and a weight of 62%, 

followed by model_2 with a loo of -124.90 and a weight equal to 32%. Model_0 has a weight 

around zero. 

The analysis confirms that our original conceptual model can not  be used. Instead adding a 

new active boundary section at the western section of the aquifer, looks like better reflect 

system behaviour. 
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Table 19. Ranking of models (Requena Utiel case) 

 rank loo d_loo weight se dse warning loo_scale 

model_1 0 -120.66 0.00 0.62 23.28 0.00 False log 

model_2 1 -124.90 4.24 0.38 24.35 5.11 False log 

model_0 2 -175.19 54.53 1.20 e-16 80.10 79.44 True log 

 

Given the weights attributed to the different conceptual models, the simulated averaged 

BMA prediction is obtained by the weighted sum of the heads estimated by model_0, 

model_1 and model_2. 

Indeed, the estimates coming from model_1 derived from ModelMuse outperforms averaged 

model (Figure 24). 

 

Figure 24. Comparison between simulated values coming from a) Model_1; and b) averaged 

model. 
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3.4 Oasis of Badrian 

The model was developed as it is described in section 7.3 of report 4.1. The constructed 

models were evaluated by a set of 24 piezometers which, well cover the domain of the study 

area (Figure 25).  The conceptual models were under steady state flow type conditions, with 

the water budget at 365 days. The model uncertainties from Report 4.1 are summarized in 

Table 20.  For Badriane we are going to analyse and discuss the hydraulic connection within 

the study area, thus, revealing the water balance in the study area, which is still missing. It 

will permit to encourage and focus the management of needs in relation to the demand for 

groundwater resources in the Badrian oasis. Moreover, the creation of the numerical model 

will make possible to explore the development trends and simulate intervention scenarios. 

This is a first approach to study the problematic issue of water use in the area. Thus, the model 

needs to be ameliorated by the researcher of the Algerian case. 

It may be done by actually take good data which represent the system, since values of 

transitivity were not representing the study area. It may be due to the lack of understanding 

of the geology nonetheless missing in knowledge in how to perform field test and a detailed 

monitoring program. 

 

Figure 25. Observation points for the Badrian case study 
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Table 20. Uncertainties in the conceptual hydrogeological model of Badrian 

Geometry Water balance 
Boundary 
conditions 

Hydraulic 
parameters 

Water 
quality 

Detailed 
geological 

information 

Unknown 
recharge 

Withdrawals 
in rural areas 

Hydraulic 
relationship 

with 
neighbouring 
water bodies 

 

Transmissivity, 
storage 

coefficients, 
effective 
porosity 

Missing 
data 

 

3.4.1 Conceptual Model_0 

 

A. Definition of the model 

Model_0 it is developed following the initial believe of researcher from the study area. The 

boundary conditions are represented by a constant head to the East simulating the inflow to 

the Oasis, meanwhile general head boundary it is set to the West, where outflow from the 

domain occur into the Sabkha. The rest of the boundary are considered impermeable (Table 

21, Figure 26). 

Two families of wells were inserted into the model, representing the traditional well and the 

new boreholes recently constructed in the northern part of the aquifer. Since precipitation in 

the area are scarce, no recharge package was used. 

Finally, from the transmissivity values (mean), coming from several pumping tests conducted 

under the project, was possible to calculate the permeability (51.25 m/day) considering 100m 

of aquifer thickness as a reference value. 

 

Table 21. Boundary conditions for Model_0 

Boundary conditions Standard deviation Head 

(m.a.s.l) 

Lenght 

 (Km)  

Constant head 
(BC_0-a) 

 
1 

 
300 5.160 

General head 
(BC_0-b) 

 
0.001 

 
260 81.630 
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Figure 26. Model_0: a) General head boundary in yellow; Constant head boundary in blue; 

Domain in black; and simulated head for the lower aquifer (m.a.s.l.). b) Vector map for the 

whole model. 

B. Results 

The water budget of Model_0 is shown in Table 22. The results of the modelling showed a 

good fit between observed and simulated value (R2= 0.744 (Figure 27); MSE = 51.089). 

However, as it possible to see in Figure 28, the points, located on the western side of the 

aquifer showed all an overestimation compared to the observed value. 
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Table 22. Water budget for Model_0 

Modelling Conditions Input (Mm3/year) Output (Mm3/year) 

General head 0 -11.77 

Constant head 15.97 0 

Wells - -4.20 

Total 15.97 -15.97 

 

 

Figure 27. Observed vs Simulated heads for Model_0 
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Figure 28. Simulated errors for Model_0 

 

3.4.2 Conceptual Model_1 

A. Definition of the model 

In Model_1 (Table 23), the eastern boundary is reduced. The constant head is now  covering 

mostly the northen part of the aquifer, thus, simulating a diminished inflow area. All the other 

parameters were left constant (Figure 29). 

 

Table 23. Boundary conditions for Model_1 

Boundary conditions Standard deviation Head 

(m.a.s.l) 

Lenght 

 (Km)  

Constant head 
(BC_1-a) 

 
1 

 
300 3.52 

General head 
(BC_1-b) 

 
0.001 

 
260 84.120 
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Figure 29. Model_1: a) General head boundary in yellow; Constant head boundary in blue; 

Domain in black; and simulated head for the lower aquifer (m.a.s.l.). b) Vector map for the 

whole model 

B. Results 

The water budget of Model_1 is presented in Table 24. The results of modelling showed an 

increased fit between observed and simulated value value (R2= 0.754; MSE = 48.192) (Figure 

30). Nevertheless, the overestimation of the traditional wells located close to the western 

boundary of the study area still are overestimated (Figure 31). 
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Table 24. Water budget for Model_1 

Modelling Conditions Input (Mm3/year) Output (Mm3/year) 

General head 0 -11.76 

Constant head 15.96 0 

Wells - -4.20 

Total: 15.96 -15.96 

 

 

Figure 30. Observed vs Simulated heads for Model_1 
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Figure 31. Simulated errors for Model_1 

 

3.4.3 Conceptual Model_2 

 

A. Definition of the model 

In Model_2 (Table 25) not only the constant head to the East was reduced as in Model_1, but 

also the western boundary was extended slighlty to the north and to the south, thus, 

simulating a prolonged outflow area (Figure 32). 

 

Table 25. Boundary conditions for Model_2 

Boundary conditions Standard deviation 
Head 

(m.a.s.l) 

Lenght 

(Km) 

Constant head 
(BC_2-a) 

1 300 3.52 

General head 
(BC_2-b) 

0.001 260 50.050 
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Figure 32. Model_2: a) General head boundary in yellow; Constant head boundary in blue; 

Domain in black; and simulated head for the lower aquifer (m.a.s.l.). b) Vector map for the 

whole model 

 

B. Results 

The results of the simulation (Table 26Table 26) exhibited the worst fit when compared to 

Model_1 and Model_0 (R2= 0.737) (Figure 33).  However, the error associated to the 

observation it is better than Model_0 (MSE = 50.284) (Figure 34).  
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Table 26. Water budget for Model_2 

Modelling Conditions Input (Mm3/year) Output (Mm3/year) 

General head 0 -11.78 

Constant head 15.98 0 

Wells - -4.20 

Total: 15.98 -15.98 

 

 

Figure 33. Observed vs Simulated heads for Model_2 
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Figure 34. Simulated errors for Model_2 

 

3.4.4 Results of the uncertainty assessment  

The definitions of the boundaries are as set above and shown in Table 27. We considered 

Normal distributions for the constant heads boundaries and general head’s conductance 

priors (BC), with parameter values as indicated in the table. An equal prior probability was 

assigned to the three models. 

 

Table 27. Summary of the boundary conditions and parameters of the respective Normal 

priors (units in m.a.s.l.) of Badriane case. Where BC defines boundary condition related to 

constant head and general head’s conductance 

Boundary condition Model name Mean Standard deviation 

BC_0_a 
Model_0 

300 0.5 

BC_0_b -8.47 0.5 

BC_1_a 
Model_1 

300 0.5 

BC_1_b -8.47 0.5 

BC_2_a 
Model_2 

300 0.5 

BC_2_b -5.35 0.5 
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Then, the three models are compared using loo in the current case with 25 observation points 

(Table 28). Thus, model_1 ranks first with a loo of -90.05 and a weight of 100%, followed by 

model_2 and model_0 with a loo of -90.57 and -90.88 respectively and with weights of zero 

for both models. The analysis is indicating that our original conceptual model could be 

replaced by model_2. 

 

Table 28. Ranking of models (Badriane case) 

  rank loo d_loo weight se dse warning loo_scale 

model_1 0 -90.05 0.00 1.00 12.82 0.00 True log 

model_2 1 -90.57 0.53 0.00 13.11 0.35 False log 

model_0 2 -90.89 0.84 0.00 12.97 0.67 True log 

 

Given the weights attributed to the different conceptual models, the simulated averaged 

BMA prediction is obtained by the weighted sum of the heads estimated by these conceptual 

models. Indeed, the averaged estimates slightly outperforms estimates of model_2 derived 

from ModelMuse (Figure 35). 

 

Figure 35. Comparison between simulated values coming from a) Model_2; and b) averaged 
model 
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# note!!!!! always run the command from the folders. The ipynb  need to be 
in the folder where models and mf are  

# Install libraries  

! pip install flopy  

! pip install arviz ==0.11.0  
! pip uninstall theano  
! pip install Theano ==1.0.11  
! pip install pymc3 ==3.10.0  
! pip install watermark  

# Import libraries  

import  arviz as az 
import  matplotlib  
import  matplotlib.pyplot as plt  
import  numpy as np 
import  pandas as pd 
import  geopandas as gpd 
import  pymc3 as pm 
from  pymc3.distributions import  draw_values  
from  pathlib import  Path  
import  flopy  
import  flopy.discretization as fgrid  
from  flopy.utils.gridintersect import  GridIntersect  
 
print ( f"Running on PyMC3 v { pm. __version__ } " )  
print ( f"Running on flopy v { flopy . __version__ } " )  
print ( f"Running on matplotlib v { matplotlib . __version__ } " )  
print ( f"Running on numpy v { np. __version__ } " )  
print ( f"Runn ing on pandas v { pd. __version__ } " )  
print ( f"Running on arviz v { az. __version__ } " )  

# Setting the random seed to have reproducible results  
RANDOM_SEED = 8927 
np.random.seed(RANDOM_SEED) 
az.style.use( "arviz - darkgrid" )  

#Define the MODFLOW wrapper function:  
def  ÒÕÎʍÍÏÄÆÌÏ×ƽ"#ʍʣƗÒÅÓÔ ÏÆ ÂÏÕÎÄÁÒÉÅÓƛƗ ÍÏÄÅÌʍÎÁÍÅƗ ÒÅÓÕÌÔÓʍÎÁÍÅƗ 
exe_name, model_ws):  
     
# need to convert to string, or I get an windowspath objetc error...  
    mf = flopy.modflow.Modflow(model_name, exe_name =str (exe_name), 
model_ws=model_ws)  
     
    pr int ( 'model_name: ' , model_name)  
    print ( 'exe_name: ' , exe_name)  
    print ( 'model_ws: ' , model_ws)  
    m = flopy.modflow.Modflow.load(model_name +'.nam' , model_ws =model_ws)  
 
 
    bas = m.get_package( "BAS6")  
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    strt = bas.strt.array  
 
    nlay = m.dis.nlay  
    nrow = m.dis.nrow  
    ncol = m.dis.ncol  
    print ( f"Number of Rows (nrow): { nrow} " )  
    print ( f"Number of Columns (ncol): { ncol } " )  
    print ( f"Number of Columns (nlay): { nlay } " )  
    #PV Problema aqui, original code!!!!  
    #a = pm.draw(alpha)  
    #b = pm.draw(beta)  
 
    # Is this correct???  
    a = draw_values([BC_0], size =1)  
    The same for the rest of boundaries  
 
# How to read a shapefile as of function of rows, columns and layers  

# Get the ibound array  
    ibound = m.bas6.ibound.array  
 
        # Pri nt ibound values  
    print ( "IBOUND values:" )  
 
 
        #BC_0 
 
        # Load the BC_0 shapefile  
    BC_0_shapefile = gpd.read_file(Path.cwd() /  'your current folder'  /  
'BC_0.shp' )  
 
        # Assuming ibound  is a 3D array, you can choose a specific slice 
to visualize  
    slice_index = 1  # Change this to the desired slice index  
 
        # Create a mask for cells within the BC_0  
    BC_0_mask = np.zeros_like(ibound[slice_index, :, :], dtype =int )  
 
        # Get  the extent of the ibound array  
    extent = [ 0, ibound.shape[ 2], ibound.shape[ 1], 0]  
 
        # Filter BC_0 geometries using extent  
    potential_candidates = BC_0_shapefile.cx[extent[ 0]:extent[ 1], 
extent[ 2]:extent[ 3]]  
 
    for  idx, feature in  potential_c andidates.iterrows():  
    # Use the geometry directly from the GeoDataFrame  
        BC_0_geometry = feature[ 'geometry' ]  
     
    # Create meshgrid for row and column indices  
        rows, cols = np.indices(BC_0_mask.shape)  
     
    # Update the mask for the cells within the BC_0  
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        mask_values = 
BC_0_geometry.contains(gpd.points_from_xy(cols.flatten(), rows.flatten()))  
        BC_0_mask += mask_values.reshape(BC_0_mask.shape)  
 
        # Create a new ibound array with - 1 for cells within the BC_0  
        new_ibound1 = np.where(BC_0_mask > 0, - 1, ibound[slice_index, :, 
:])  
 
        strt[new_ibound1] = a 
 
#Repeat the same thing for the rest of boundaries  
         
         
        m.write_input( "BAS6")  
 
    success, buff = mf.run_model()  
    assert  succes s, "MODFLOW did not terminate normally."  
 
    f = pd.read_csv(results_name, delimiter =' \ s+' )  
    f.head()  
 
    simulated_results = f[ "SIMULATED EQUIVALENT"]  
 
 
    return  simulated_results  
 

#Define the Likelihood Function:  
def  estimation( "#ʍʣƗ ÒÅÓÔ ÏÆ ÂÏÕÎÄÁÒÉÅÓƛƗ ÓÉÇÍÁƗ ÍÏÄÅÌʍÎÁÍÅƗ 
observed_data, results_name, exe_name, model_ws):  
 
    simulated_results = ÒÕÎʍÍÏÄÆÌÏ×ƽ"#ʍʣƗ ÒÅÓÔ ÏÆ ÂÏÕÎÄÁÒÉÅÓƛƗ ÍÏÄÅÌʍÎÁÍÅƗ 
results_name, exe_name, model_ws)  
 
    estimates = simulated_results  
     
    return  estimates  

#ModFlow exe name, and working space  
mf_exe_name = (Path.cwd() /  'mf'  /  'mf2005.exe' )  
mf_model_ws = (Path.cwd() /  'models_POST' )  
 
assert  mf_exe_name.exists(), 'Error: mf2005.exe path not correctly setup'  
assert  mf_model_ws.exists(), 'Error: mode l_ws path not correctly setup'  

print (mf_exe_name)  
print (mf_model_ws)  

#Set Up the PyMC Model0:  
with  pm.Model() as model_0:  
     
    mf_model_name = "model_0"  
    results_name = mf_model_ws /  (mf_model_name + '.hob_out' )  
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    assert  results_name.exists (), "Error: mf_model_name doesn't exist"  
    print ( "results_name:" , results_name)  
     
    BC_0 = pm.Normal( "BC_0", mu =16.430 , sigma =0.100 )  
    #Rest of boundary conditions  
     
 
    sigma = pm.HalfNormal( "sigma" , 0.500 )  
 
    f = pd.read_csv(results_name, delimiter =' \ \ s+' )  
    f.head()  
    observed_data = f[ "OBSERVED VALUE"]  
 
    #The model results -  iterative process    
    estimates = ÅÓÔÉÍÁÔÉÏÎƽ"#ʍʣƗ ÒÅÓÔ ÏÆ ÂÏÕÎÄÁÒÉÅÓƛƗ ÓÉÇÍÁƗ 
model_name=mf_model_name, observed_data =observed_data,  
                           results_name =results_name, 
exe_name=str (mf_exe_name), model_ws =mf_model_ws)  
 
 
    #This is the likelihood  
    obs = pm.Normal( "obs" , mu =estimates, sigma =sigma, 
observed =observed_data)  
 
    # Run the PyMC inference  
    trace_0 = pm.sample( 2000, return_inferencedata = True , tune = 1000, 
target_accept = 0.99 ,   # n.b. i changed the number of iteration from 
20000 to 2000 and tune= sampling chain? from 5000 to 1000  
                        idata_kwargs = { 'log_likelihood' : True })  

#Repeate for the other  models 

#Analyse the results  
traces = ǁÔÒÁÃÅʍʣƗ ÔÒÁÃÅʍʦƗ ÔÒÁÃÅʍʧƗ ƛƗ ÔÒÁÃÅʍÎÕÍÂÅÒ ÏÆ ÍÏÄÅÌǂ 
 
az.plot_forest(traces, figsize =( 10, 5)) ;  
plt.show()  
 
az.plot_density(traces, var_names =[ "BC_0", rest of boundaries , "sigma" ], 
figsize =( 10, 5)) ;  
plt.show()  

ʨÍÏÄÅÌÓƦ comparison  

model_dict = dict ( zip ([ "model_0" , "model_1" , "model_2" ], traces))  
comp = az.compare(model_dict)  
comp 

#Calculate the posterior weight to make predictions from averaged model  

ppc_w = pm.sample_posterior_predictive_w(  
    traces =traces,  
    models=[model_0, model_1, model_2],  
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    weights =comp.weight.sort_index(ascending =True ),  
    progressbar =True ,  
)  

#Calculate the posterior weight of the best model  

ppc_2 = pm.sample_posterior_predictive(trace =trace_2, model =model_2, 
progressbar =True )  

# Simulated v alues from the weighted model  
simulated_values_w = ppc_w[ "obs" ].mean(axis =0)  
 
# Simulated values from the best model  
simulated_values_2 = ppc_2[ "obs" ].mean(axis =0)  
print (simulated_values_w)  
 


